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�S�S� {x (k)}

x (k) = Ak(α1v1 + α2v2 + · · ·+ αnvn)
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= α1λ1
k v1 + α2λ2

kv2 + · · ·+ αnλn
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1. À�Ð� x (0)§�E�þS� x (k) = Ax (k−1) = Ak x (0).
2. eS�Ly�§��ü��þ��©þ'ªuÓ�~ê§K{

λ1 ≈ x (k+1)
i /x (k)

i
v1 ≈ x (k)

3. eS�Ly�§ÛóS���©þ'©Oª�u~ê§K
λ1 ≈

√
x (k+1)

i /x (k−1)
i

v1 ≈ x (k+1) + λ1x (k)

v2 ≈ x (k+1) − λ1x (k)

4. eS�Ly�Ù¦§òÑ¶Iæ^Ù¦�{.
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~µO�Ý
A =

(
1/4 1/5
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Remark

1. ¢^�´5�z��{.

2. 5�z��{ØI�Ä���A��´Ä�­�.

3. �{�Âñ�ÝÌ�d |λ2
λ1
|û½§'���Âñ�¯¶d

u A− pIn �¤kA��� {λi − p}n
i=1§��{Âñéú��ÿ§

�±}ÁO� A− pIn �A��. (ë�

4. �|λ1| = |λ2|

��P174����:::   £££{{{)

> |λ3| ≥ · · · ≥ |λn|�λ1, λ2�Ý�§��¦

Ñλ1, λ2 Ú§��A��þ.

5. evkÙ§�õ'u���A���&E§�UÁX�§d
y (k) �5Æ�äáu=«�¹§k�U�}§I,1?n.
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Theorem (on Eigenvalues of Matrix Inverse)
If λ is an eigenvalue of A and if A is
nonsingular, then λ−1 is an eigenvalue of
A−1.
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Shifted (Inverse) Power Method

Shifted Power Method
For a given value µ ∈ C, we can find/compute the
eigenvalue, say λk , farthest from µ by applying
the power method to A− µI. Here, we suppose
that ∃ε > 0 s.t. |λk − µ| > ε for some eigenvalue
λk of A, and for all other eigenvalues λj of A, we
have 0 < |λj − µ| < ε. Note that the power
method when applied to A− µI finds its
eigenvalue z = λk − µ. So, λk = z + µ.

Shifted Inverse Power Method
Similarly, we can find the eigenvalue of A closest
to a given value µ by applying the inverse
power method to A− µI.
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A Summary for Power Method

Method Equation Find

Power x (k+1) = Ax (k) largest eigenvalue | λ1|

Inverse Power Ax (k+1) = x (k) smallest eigenvalue | λn|

Shifted Power x (k+1) = (A − µI)x (k) eigenvalue farthest from µ

Shifted Inverse Power (A − µI)x (k+1) = x (k) eigenvalue closest from µ
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QT AQ =
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λ1

λ2
. . .

λn


é��þ���=�A�¤kA��£Q���
=⇒ QT = Q−1¤.

��éQØ�N´. Jacobi�{ÏL�E�X�Givens��
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Ø�� p < q,KGivensÝÝÝ


 Q(p, q, θ)äkXe/ªµ (´�§7
´����Ý
)

p q
↓ ↓

Q(p, q, θ) =



1
. . .

1
cos θ · · · sin θ

...
. . .

...
− sin θ · · · cos θ

1
. . .

1


= Qpq = sin θ,Qqp = − sin θ,Qpp = Qqq = cos θ
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2 sin 2θ

À� θ ÷vµ

bpq = bqp = apq cos 2θ +
app − aqq

2
sin 2θ = 0,=cot 2θ =

aqq − app

2apq
, s

- t = tan θ ¿�n�ð��§(ª) t2 + 2s · t − 1 = 0�U���� (´
�§ts = −s ±

√
s2 + 1§AO/§es = 0,�t = 1)§�� cos θ = 1√

1+t2

sin θ = t√
1+t2

, ±9GivensÝ
Q§�kbpq = bqp = 0;
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bqq = aqq + tapq.
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∑
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ii = σ2(A) + 2a2
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5µdAC� B = QT AQ§A��ØC§�é��¤Ó'­��¬
O�£apq = 0�§'­ØC¤.

PA(0) = (aij), A(k)�éA(k−1)?1�gXc�GivensC��¤�Ý

. Kµ

½nµeA¢é¡§KA(k) Âñu diag{λ1, · · · , λn}.
5µ���
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s =
a(0)

22−a(0)
11

2a(0)
12

= 0.25§t �� t2 + 2st − 1 = 0�U����§

� t = 0.780776. ?
��µ

cos θ = (1 + t2)−
1
2 = 0.788206, sin θ = t cos θ = 0.615412

d=�GivensC�Ý
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Q1 = Q(p,q, θ) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 =

 0.788206 0.615412 0
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A(3) =

(
2.183185 0.595192 0
0.595192 8.320386 0.209614

0 0.209614 4.496424

)

A(4) =

(
2.125995 0 −0.020048

0 8.377576 0.208653
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A(5) =

(
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−0.020019 0 4.485239
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(
2.125825 0 0
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l
A�A�����

λ1 ≈ 2.125825, λ2 ≈ 8.388761, λ3 ≈ 4.485401
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QT A = R

⇔ A = QR.

Theorem
Let x , y ∈ Rn s.t. ‖x‖2 = ‖y‖2. Then there
exists an orthogonal matrix (������ÝÝÝ


) U of
the form I − 2vvT s.t. Ux = y , where v = x−y

‖x−y‖2
.

Remark: an orthogonal matrix U of the form
I − 2vvT is called a Householder matrix. It’s
easy to see that U = UT and det u = −1.
Ux = y is a Householder transformation
(CCC���) or mirror mapping (ººº���NNN���)
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3QR©)�1�Ú§let

v1 = (A1 − β1e(1))/‖A1 − β1e(1)‖2 where

A = (A1,A2, . . . ,An), e(1) = (1, 0, · · · , 0)T ,

β1 = ‖A1‖2

⇒ ‖A1‖2 = ‖β1e(1)‖2,

By the previous Theorem, (HouseholderCCC���)

U1A1 ≡ (I − 2v1vT
1 )A1 = β1e(1)

Denote

U1A =

(
β1 ∗

0 B(n−1)×(n−1)

)
n×n
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and B(n−1)×(n−1) = (B1,B2, . . . ,Bn−1).

Next, construct another orthogonal matrix U2 s.t.

U2U1A1 = β1e(1),U2U1A2 = (∗, β2, 0, · · · , 0)T

U2 =

( 1 0

0 I(n−1)×(n−1) − 2v2vT
2

)
n×n

, where

v2 ∈ Rn−1, ‖v‖2 = (B1 − β2ē(1))/‖B1 − β2ē(1)‖2,

and β2 = ‖B1‖2, ē(1) = (1, 0, · · · , 0)T ∈ Rn−1.
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In general, the orthogonal matrix QT is build up
step-by-step as

QT = Un−1Un−2 · · ·U1

where

Uk =

( I(k−1)×(k−1) 0

0 I(n−k+1)×(n−k+1) − 2vvT

)
n×n

with v ∈ Rn−k+1 (k = 1, ..., n − 1), ‖v‖2 = 1.

Finally, we have

QT A ≡ Un−1Un−2 · · ·U1A = Rn×n ⇔ A = QR

where
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In general, the orthogonal matrix QT is build up
step-by-step as

QT = Un−1Un−2 · · ·U1

where

Uk =

( I(k−1)×(k−1) 0

0 I(n−k+1)×(n−k+1) − 2vvT

)
n×n

with v ∈ Rn−k+1 (k = 1, ..., n − 1), ‖v‖2 = 1.
Finally, we have

QT A ≡ Un−1Un−2 · · ·U1A = Rn×n ⇔ A = QR

where



Rn×n =



β1 ∗ · · · ∗ ∗
0 β2 · · · ∗ ∗
... ... . . . ... ...

0 0 · · · βn−1 ∗
0 0 · · · 0 ∗





Example
Use the Householder transformation to find
the QR-factorization of the matrix

A =


12 −51 4

6 167 −68

−4 24 −41





Solution. Let
x = A1 = (12, 6,−4)T , β1 = ‖A1‖2 = 14,
y = β1e1 = (14, 0, 0)T , and
v = x−y

‖x−y‖ = 1
2
√

14
(−2, 6,−4)T = 1√

14
(−1, 3,−2)T .

So

U1 = I − 2vvT =

(
6/7 3/7 −2/7
3/7 −2/7 6/7
−2/7 6/7 3/7

)

U1A =

(
14 21 −14
0 −49 −14
0 168 77

)



Similarly, one can construct the 2nd
orthogonal matrix

U2 =

(
1 0 0
0 −7/25 24/25
0 24/25 7/25

)
and get

U2U1A =

(
14 21 −14

0 −175 −70
0 0 −35

)
= R ⇔

QT A = R ⇔ A = QR
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U2 =

(
1 0 0
0 −7/25 24/25
0 24/25 7/25

)
and get

U2U1A =

(
14 21 −14
0 −175 −70
0 0 −35

)
= R ⇔
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Householder’s QR-Factorization
One of the most useful orthogonal
factorizations is called QR-Factorization.
The objective is to factor an m × n matrix A
into a product

Am×n = Qm×mRm×n

where Q is a unitary matrix and R is an
m × n upper triangular matrix. The
factorization algorithm actually produces

Q∗Am×n = Rm×n




